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Themethodofpower-seriesexpansionin EJolvlngthe,loc’dflow
patternbehinda detachedshockwasproposedby LinandRubinov.In
thisreportthelimitationsofthemethodarediscussedina morecareful
manner,=d thepracticalprocedureforapproximatingthepowerseries
witha 2nth-degreepolynomialby cuttingofftheremainingtermsis
investigated. )

Itispointedoutthatifthepower-seriesexpansionistoholdnear
thenose,thebodyshapemustbe analyticupto and“includingthesonic
point. Fora 2nth-degreepo~mial approximation,n parametersdeter-
miningtheshockshape,aswellasthedetachedshockdistanceitself,
arefoundtobe expressiblefntermsof oply n - 1 paametersdeter-
miningthebodyshape.Theformulasandstepsfora sitih-degreepoly-
nomialapproximationareexplicitlygiveninanappendix.

Theparticularexample.of free-streamMachnumber1.7 in theaxially
symmetricalcasehasbeenworkedoutwitha fourth-degreepolynomial
approximation.Whenthedetacheddistanceisusedasthelengthscale,
theflowalongtheaxisisfoundtobe independentofthebodyshapein
thisapproximation.A comparisonismadewithdataobtainedfroman
interferometricstudyoftheflowovera sphere.Thedensityvariation
alongtheaxisagreesve~ well. The,detacheddistsmceas solvedfrom
thefourth-degreeapprotiatism,however,iscorrectody intheorder
ofmqylitude.

Theuniversaldensityvariationalongtheaxis,as obtainedby the
fourth-degreeapproxtiation,isconsideredlikelytobe a goodapproxi-
mationforalJbodieshavinga slowlyvsryingcurvatureuptothesonic
pointatfree-streamMachnumberslargerthanornotmuchlessthan,say,
thevalue1.7 consideredabove.
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WRODUCTIOI?-

It iswell-knownthata detachedcurvedshockisformedinfront
ofa bodywhena supersonicstreamflowspastit,providedthebodyhas
a bluntnoseor a shsrpnosewitha quitelargenoseangle.A genersl
treatmentof mch flowproblemsisdifficult.It isthereforethought
usefultotryto obtainsome’resultsof limitedapplicabilityby straight-
forwardmethodsofanalysis.Onesuchmethodistheuseofpowerseries
proposedby oneoftheauthorsinreference1 andpartiallycarriedout
by Dugundjiinreference2. Thepresent-reportisconcernedwitha
closerinvestigationofthevalidityofthismethodandincludesa more
compltteformulation,aswellasthecomputationprocedure,oftheseries
expansion.Generalformulaswerederivedandsomenumericalcalculations
werecarriedout.

Thecasewithfree-streamMachnumber1.7 hasbeencomputedinthe
sxisymmetricalcaseusinga fou-th-degreeTolyaomialto representthe
flow. As statedinreference1,theflowthusdetermineddependsonly
ontheMachnumberwhenthedetacheddistanceisadoptedasthelength
scale.Thedensityvariationalongtheaxisshowsremarkableagreement
withtheexpertientalonefora sphere(reference3), in spiteof some
indicationsof slowconvergenceoftheseriesatthebodynose. The
effectofthispoorconvergenceismanifestwhenan estimationofthe
detacheddist~ceitselS?isattempted.Thediscrepancyislarge,although
theorderofmagnitudeiscorrect.Thisfactleadstothesuspicionthat
perhapsthevariationofdensitydistributiondoesnot;dependverymuch
ontheexactshockshapeandisthereforelesssensitivetotheinaccu-
racyofthemethod,yetthedetacheddistmceitselfisverydelicate.
It isclearthatmoretermsoftheseriesareneededfora betteragree-
mentofthedetacheddistance.Generalformulasandtheprocedureof
calculationaregiveninthisreportforsuchpurposes.

Becauseoftheratherinvolvedexpressionsfortheseriesexpansion
andalsotheslowconvergenceoccurringinthecomputedexample,it is
thoughtthattheprocedureherewouldbe usefulgenerallyinthecases
involvinga bodyof approximatelyconstantcurvatureintheneighbor-
hoodofthenoseplacedina streamofMachnumbernotclosetounity.
Onemightno:icethatBusemanninreference4 hasstressedi~teadthe
importanceofthe“shoulderpoint,”whichpresumablyliesnesrthesonic
point,inthedeterminationofthedetachedshockinfrontof a body.
Hisdiscussions,however,seemto dealmostlywiththinbodiesatrather
lowMachnumbers.A thinbodywitha bluntnosewouldhaveinvariably
a ratherrapidlychangingcurvaturenearthenose.Thisconfiguration
isthennotdirectlyamenabletothetreatmentby powerseries.(cf.
discussionsinthesection“DiscussionofMethod.”)

,t.—.— ——— —— —————..— ——_ . . —. .— —
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SYMBOLS.

streamfunction

amglebetweenincomingstreamandshockwave

ratioof specificheataofgas

densi~ofgas;alsodensityratioacrossshockwave

pressureratioacrossshockwave

“distancebetweenshockwaveandbodyalongaxisof
-etry

dependenceof entropyon streamline

Machnumberof incomingstream

incrementof entropyacrossshock

shockshapeparameters,definedby equations(8)and
(13a)foraxisymmetricalandtwo-dimensionalcases,
respectively

bodyshapeparameters,

functionsin

functionsin

functionsin
equations

coefficients

expansion

expansion

definedbyequation(21)

for p, definedbyequations(15)

for $, def&edby equations(15)

anotherexpansionfor V, definedby”~
(24)

ofTaylorseriesexpansionof p and X,
respectively,definedby equation(26)

quantitiesevaluatedat stagnationpoint .

— -— --- ---- ——— —— ——. - .— —.— .—.. -
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STUEMENTOFPROBLEMANDMETHODOFSOLUTION

Considera symmetricalbodywitha bluntnoseplacedsymmetrically
ina uniformsupersonicstream.It isplausiblefromphysicalgrounds
to assumethat,foran analyticbodyshape,thedetachedshockwould
likewisebe analytic.1TheinvestQ.atibnwillfirstbe limitedto such
cases.Thisrestrictionevidentlyexcludessomeimportantprohlems~such
asthedetachedshockformedinfrontofa coneorwedge,whichmustbe
treatedseparately.

To solvetheproblem,onemayproceedintiosteps.First,th:
shockcurvemaybe regardedasgivenandtheflowfieldregardedas
determinedby theinitialconditionsontheshock.Iftheshapeofthe
shockis“reasonable;”a stagnationpointmaybe expectedontheaxis
of symmetry,anda streamlinemaybe foundintheformof a body. The ‘
analysismaythenbe carriedoutby calculatingtheflowbehindam
analyticshockintheformofa powerseries.Strictlyspeaking,the
mSiS doesnotdependatallonthepresenceofthe’bodyandconsists
onlyoffindingtherelationbetween-theshockshapeandtheflowbehind
it.

Thesecondstepistheinvestigationofthedependenceof shock
shapeonbodyshape.Sincetheflowisdeterminedby theshockcurve
andmustalsohavethebodyasa streamline,therelationcanbe obtained
by identifyingthepower-seriessolutionfromtheshockwithanother
powerseriesdevelopedaroundthenoseofthebody,theidentification
beingmadeina regioncommontotheregionsof convergenceofboth
series.In fact,detailedcalculationsshowthat,by usingseriesup
topowersofthe2nthdegree,thismethodenablesoneto solvefor n
“shockparameters,”aswellasthedetacheddistance,intermsof n - 1
“bodyparameters.”Theparametersare‘infactchosentobe thecurva-
tureanditssuccessivederivativesevaluatedattheinitialpoint(nose).
Althoughthemethodappearsst~aightf?~=d,c=e~ investigationsare
neededto in=e itsvalidity.Thesewillbe carriedoutinthesection
“DiscussionofMethod.”

Thegeneralanalysiswillbe carriedoutina mannerapplicableto
boththetwo-.dimension.slandtheaxiallysymmetricalcases.Emphas3.s
~~illthenbeputonthelattercaseinworkingouttheexplicitformulas
andprocedure.

lb tyLe~ettialcase, thereisa sep~a.tion oftheboundarylayer
~f+-enoccurri~inthesupersonicregion.Thedownstreamshockwill.
khenceasetobe ax~lytic.Butitisclearthatthiswillproduceno
effectontheflowregimeupstreamoftheseparationpointwithwhich
tkepresentrenortisconcerned.

.
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Thebasicequationsforflowbehinda symmetricalshockproduced
ina Unifopnstreamsre,by introducingtheconventionalstream
functionw,

(1)

(2) “

where x isalongthe.axisof symmetry,y isperpendicularto x,
p isthedensityofthegas, Y)theratioof mecificheats~~ c~.
Bernouilli’s’constant(the.sameinfrontof andbehindtheshock).The
parametere iszeroforthetwo-dimensionalcasebutequalsunityfor
theaxial.ly’symmetricalcase,and F(w)givesthedependenceof entropy
onthestreamline.To reduceequation(1)to dimensionlessform,the
free-streamvaluesofvelocityanddensitymaybe chosentobe the
respectivereferencequantities.Thelengthscaleisarbitraryforthe . .
moment.‘Thenitfollowsthat

F($)=(yJfm2)-leAs

c 1+=— ‘1=’ (y -11)W2
(3)

where ~ isthefree-streamMachnumberand As is”thechangeof
entropyacrosstheshock(inmultiplesofthesp’ecificheatatconstant
volume). Infact,if a istheanglewhichtheshockmakeswiththe
freestream,

eAs.
( )(
fi&2sin2~_ZY-1 +

)

Y
(4)

y+l y+l (7 + 1);2 sin%
,

. -—— .— —.-. . ..c— — ———-—- ---— –- -.—.—-
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Thepressureratiotifacrosstheshockis

27
li5=— %2 sin2a

7+1

andthedensityratioacross-theshockis

Y -1_—
7+1

thedimensionlessdensity

( -1+ 2’

)

-1
P=~

7 + 1 (7+ l)l&2sin2a
.

It iseasilyseenthat .

p = @-J-Y

F(v)= (7&2)-l@-7
1

(5)

(6)

(7)
I

Althoughformulas(4)to (6] holdonlyalongtheshock,thedependence

‘f (%)2 ‘llEp-7on $, asgivenbyequation(7),isvalidthroughout
thewholefield.OnecanthereforeevaluateF(V)fromtheshapeofthe
shockcurve.

Shockcondi’tions.-Suppose

Z=yz

nowtheshockcurveisgivenby

Thenitcanbe easilyverifiedthat

(Sinap= /1+42 p(xj J2

= I- + 4B1-2Z - 16P2~1-4Z2-

8D1-2(3B3P1‘3- 8p22p1-4)z3+ . . .

(8)

. .
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(sin0.)2=,[1+ 4z/(zr)7-1

= 1 _@l-2z + 16(P2+ I-)P1-4=2+

[
8P1-23P3P1‘3+8(P2+l)2~1-~Z3+ . . .

By straightforwardcalculationsfromequations(5),(6),and(7),one
thenobtains

8(P2+

C1131-2Z+ C2B1-4(P2+ 1)22+ c3[3BlP3-

.J1)2-p~-623+... 1
~-1= ~

[
-11 + Clpl-22+ c2f31-k;2z2n + C3(3B1B3- 8B22)Z3+ . .

F
(

‘Fnl + (Ycl+Cl)~l-2Z+ {7C2 +C2),2+

{[ 1c3 313g_133- 8(P2+ 1)2

( )7c1+c12 + Cppp“+ (YC33P1P3- 8P22)+

7(Y- i)c1c2~2+ 7(7- 1)(7- 2)

}
3 pl-6z3 + . . .~ c1

)

(9)

.—. ..——.—. .— ——-.. ..—.—__________ ._—________ — —___ ._. __



wherethesubscriptn denotesquantitiesimmediatelybehindthenose
oftheshock,

1

~ 27 Q2 7-1 .l_Vl+‘-— Pn”– —7+1 7+1 7+1 (7+:)%2

!- (lo)

andthecoefficientsCIY c2J C3J CU C2j ~d C3 dependonlyon
theMachnumberoftheundisturbed

Cl = -87/[&

C2 = --Ml

C3 = -Nl

c1
/[=8 (7-

C2= -kl

C3= -2cl

stream:

1
- (7- 1)%-2

1l)M@2+ 2 > (I-2.)

.

Equation(9)holdsonlyontheshock.Hence,z maybe replacedby’s
functionofx throughequation(8). Forexample,oneobtains

[ (P = P~1 - @l-lx +“ c12+ 3cl~2)~l 1-%2+...(12)
Alltheabovecalculationsapplyto theconditionsattheshock

bothforthetwo-dimensionalcaseandforthecaseofaxialsymmetrg.
Thetr~formationofthethirdrelaticmA equation(9)intoone

\

—. — .———. —. . - —-——
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9,

involving$ differsinthetwocakes.Forthetwo-dimensioticase,
ontheshock,

*’Y

=(f31x+@pF+P 3x3 + . ● .)1/2 (13a)

Y(7- UC1C2P2+
7(7

, CP}F:<,+... ), (1~,
- 1)(7’-2)

throughoutthe.wholefieldof flowbehindtheshock.Inthecaseof
sxialsymmetry,

= ;(B1X+ 192X2+f33x3+...) (13b)

.—— —.—.. __________ .._ __ —— _______ ______
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onthe

F(V)=

shock,andhence

7(7-.l)c1c2p2+ 7(7- 1)(7- 2)
6 1CpP1 )-%6+... (14b)

throughoutthewholefieldof flotibehindtheshock.Equations(12),
(13),amd(14),withparametersdefinedby equations(10)and(11),sre
thebasicrelationsassociatedwiththeshockcurve(8).

Differentialequations.-To solvedifferentialequations(1)and(2)
inpowerseries,it isfoundconvenientto developV and p firstin
powersof y withfunctionsof x ascoefficients.Fromsymmetry <t
considerations,onehas

$ = Y1+E [ 1$1(X)+W2(X)F’+ . . .

.1.

(15)
P = P&d + PJX)Y2+ P@Y4 + ● . .

Introducingtheseexpressionsintoequations(1)and(2)andcomparing
powersof y, oneobtainstwoseriesof differentialequationsforthe
twosetsof functions~n(x)and pn(x).ThefunctionF(V)isgiven
by equation(14).

Fortheactualcalculation,thetwo-dimensionalcaseandthe
axiallysymmetricalcasearebesttobe treatedseparately.’Onlythe
axisymmetricalcasewillbe carriedoutindetail.Againintroducing
thevariablez = ~, onetr&nsformsequations(1)and(2)into

(16)

‘.

————— -—— -———.— - --——————.
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Equation(15)

alv+
()ax Pz x

maybe written

W=*l(X)Z +

P = Po(x)z’+

ha Iv() pY—— -— F’($)
azpz =7-1

!r2(x)z2 +*3(X)Z3 + . . .

P2(4Z2+ P3(X)Z3 + . . .
-1

11

(17)

J

Introducingequation(14b)intheabbreviatedform

F($)=~+a1~+a2v2+a3~3 +... (19!

and
one

(%)

()Al

(%)

substitutingequations(18)and(19)intoequ&ions(16)and(17)
ierivesthetwosetsof differentialequations:

4V:2+ % pc7+1ao= 2Cpo2

(v ) 2712+qW2+~ ()

[

PI
1 p 7+1ao(y+ 1)—+ 1Po ELWl ‘ ~poP1

{[

2’$1’$2’+ 4(4~22+6W1W3)+= P07+1a. (7+ l)% +

()]

7(7+1) P12 PI.
+ a1V1(7+ l)G+ alw2+

2 g

1

. .- _ —-.—._ — .— ——--—— —.-... -———..—- -y-. —
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{[

(AS)(’@2+~,’t3’ +k(l’$’$~+8w,4+% Poy+’~ (, +1)3+ .
Po

H

‘“2 + ZbQ!i, .%*l (7+,)2 .,(,+,) ‘,2 .7(Y+l)—
Pf 6 Po ‘o 12— Po’

( ) ‘1
alV2+~tfi2(Y+l)~ + a1V3+2~*1*2+a3*13

}

= 4C(POP3+I@

‘.7

(

‘~-—
Y- 1 2%*. + Yal—‘o)

[

‘1W3

()

‘14> -3__+ 2ti-Z~+ 212— PIP’

1

’13 ~3
‘o IfI ‘o $1 —-— -_=

‘o’ ‘o VI ‘.’ P03 ‘o

. ’07
-—

[

PI
1 ‘%*2 + 3a3$l

(

2+27a#~q+a177- 2 + 7(7 - 1) %’
Po

]
2— PO’

,,

.— __ ——. —___ .— __ .
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Equations(~) and(Bo)areobtainedby equatingcoefficientsof Z“
. inequations(16) and(17), respectively.Theotherequationaarise

fromcoefficientsof correspondingpowers.

Onenotesthatfromequation(~), *1 canbe expressedinterms
of Po. Thenfromequations(Al)and(Bo),*2 .and PI canbe expressed
intermsof PO) PO’>ad Po”;fromequations(A.Jand(Bl),$3 md

P2 ivcanbe expressedintermsof Po, Po’) PO”> Port’,.P. , andsoon.

Determinationof solutionfromtheshockcurve.-Itwillnowbe
explicitlyshownhowthesolutioncanbe calculatedasa powerseries
whenaganslyticshockcurveisgiven.Fordefiniteness,thediscussion
willbe limitedto expsm.aionup tothe’followingdegrees:

PO(X)>$l(x)UPto thefourthdegree

P@j V2(X)upto theseconddegree

P2(& *3(x)up totheconstanttermsonly
.

Referringto equation(18),oneseesthatthephysicalvariablesp,
u, and v areexpsmdedto a fourth-degreepolynomialin x and y.

Ingeneral,thereisa decreaseoftwodegreeswhenoneproceeds

(from pn, %+1) ‘0 (‘n+l’ ‘n+2)””
Thisis directlyrelatedto theabove

discussionaboutexpressingthemintermsof PO(X)anditsderivatives.
Again,in doingso,theexpansionof p, u, and v aspowerseriesof
x and y includesallthetermsupto a certaindegree.

Return@gto thecaseofthe-fourthdegree,me hasto determine
fivecoefficients,foreachof PO(X),VI(X),tiee coefficientsfor

eachof PI(x),$2(x),andthetioqbtities P2(0)and $3(0).
However,sincethequantities$1, Pl, *2, P2,and *3 areexpressible

intermsof Po(x)anditsderivatives(upto theproperorders),there
areonlyfivecoefficientsto determine.ThiSiS doneby”imposm

.

conditions(l$?)and(13b)for p
seriesarecomparedwithanother
by introducingequation(8)into

and w“ ontheshock.‘The;epo;er
formofthesamedevelopmentobtained
equation(18);name~,

,

. .

.

. . -—-. .--— .Z - —— .—— —-_ —-—. . — —-. - —. ..— -. ._
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[ 1[ Y

P = PO(O) + PO’(6) + PIPJO) x + *PO’’(0) + P~’(o)P~ + P@)132 +

1P2(0)P12 ~ + “ . ● ,

‘(20)

G$z=
[ 1[
V1’(o)pl+ V2(0)P12X2+ $1’(0)!32+ * lrl’’(o)pl+

1
*2’(m12+@2(o)P1p2+*3(o)P13 X3+ . . .

Exactlyfiveconditionsareobtainedinvolvingonlythequantities
desired.Theo- geometricalparametersoftheshockenteringthe
problemhereare B1 smd 132whichappearintheaboveequationsand
alsoenterthroughao, al,and a2 appearinginthedifferential

equations.Thus,thecalculationsofthesolutionsup to thefourth
degreeinvolveonlytwogeometricalparametersfromtheshock.Thishas
alreadybeendiscussedby LinandRubinov(reference1,p. 122),but
heretheprocedureisexplicitlyoutlined.

.

As a generalrule,for,a2nth-degreeexpansionoftheflow,the
Wtities fivolved~be upto Vn+l(0)~ Pn(0).mere we con-
sequentlyn conditionsfrom w and n + 1 conditionsfrom p by
imposingequation(20). Thusthe 2n+ 1 coefficientsintheexpansion
cm be uniquelydetermined.It isalsonotedthatthereare‘n shock
pmametersPI, 132,. . ., Pn enteringtheproblem.

Relationbetweenbodyshapeandshockcurve.-Onestartsnetito
expandthesolutionaboutthestagnationpointofthebody. Exceptfor
a shiftoftheorigin,thepreviousequations(16)to (19),together
withtheconsequencestitheformoftheequations(A)and(B),evidently
holdJustaswellinthepresentexpansion.Theobservationthat $n+l

(al)and pn canbe expressedintermsof PO, PO’) PO”,. ● .y P(-J

remainsalsotrue. Supposenowthebodyshapeisgivenby

Z=y 2 = e~x+ 62X2+ @ + . . . (’a

‘.

-.——. —.—— —-
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Thentheconditionsthatfurnishtherelationsforthedetermination

15

of
thecoefficientsbecome

1“

(

27

)

q
Po(o)= -F*

$1(0)= o

and(cf.equations(20)),

I_ -1 L

(22) “

JW2’(0)52+2*2(0)E1 E2+*3(O)53 X3+ . . . (23)

Onemightreasonthatincomparisonwithequations(20),thecon-
ditionsfromdensi~variationsalongthebodyaremissing,andthere-
forethereare n + 1 fewerconditions.Evenwiththeonefor PO(0) ~
inequations(22),it seemsthatfor 2n+ 1 coefficientsinthe&pan-
Sionody n + 1 conditionsareavailable,leavinga tot~ of n arbi-
traryparameters.Althoughtheresultturnsouttobe true,theargument
isnotsosimple.An importantpointisthatinsteadof,n bodyparam-
etersaccordingtotheaboveargument,only n - 1 parametersdefining
thebodyhereentertheproblem.Thismaybe verifiedas follows.
Rewriting

= #+E(xo+ X#2 +“X,Y4 +. . .)
●

(24)

with X(O,O)= O becausetheoriginischosenatthestagnationpoint,
onemaytransformequation(16)into

1 c [(--$YW+ %) 1
2 + 2(1+ c)y~x+ X2

~y-l=
Y (25)
~ F(V)
7

--~ — .— - -—--- ———..- - ..——.-.— -————-—
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Eachterminthebracketoftheright-handsideisseento
zeroattheorigin.Aftersuccessivedifferentiation,the
ativeof X ontheright-handsideappearstobe atleast
lowerthanthehighestorderof P on.theleft-handside.
words,ifonewritesformally

havea double
highestderiv-
oneorder
Inother

andsimilarexpressionsfortheothervariables,therefollows

‘ij (=GX i-2,j+l’xi,j-l’“ “ “)

(26)

(27)

wheretheomittedtermsme lower-orderderivativesof X and p. Since
p isevenin y, theindex i isalwaysevenandtermslike ‘i-1,j
donot
Whena
P~j‘8
atives
.

e=st. Needlessto say,thesubscriptscanneverbecomenegative.,
2nth-degreepolynomialismade,alltherepresentation.usinga

upto i+j=2n are

of %

o

a totalof n2+
somerelations.

%’%

%_(l
YE

%1

320 321
.
.
.

required,involvingthefollow@gderiv-

%2 “ “ “ %,2n-1

. . “x2,2n-3

I

%4,0 %11-:,1“ “ “ %4,3

(28)

%:2,0 %-2,1 -
.I

n- 1 quantities.Amongthemequation(17)ftumishes
Bymeansoftransformation(24),itbecomes

-—— .— -——



3 NACATN 2506 17

$ ai+j~2

‘en ‘ij isobtainableby applyingtheoperator
ax%i-2 tO-equa-

tion”(29). Allthetermsexceptthefirsttwocanreadilybe seento
consistoflower-orderderivativesthan xy~the”deri~qtivesOf P
beingrepresentableby lower-orderderivativesas expressedinequa-
tion(27).Hence

%J =H(Xi-2,j+2Jlower-orderderivatives)

As a result,aU the ~j’s areexpressibleintermsofthederivatives
withrespectto x only.A total.of 2n - 1 parameters

) is sufficientforthedetermination~2~’” “ “~ ‘0,2n-l
neededXiJ’s ina 2nth-degreepolynomialrepresentation

Thegeneralexpessionof condition(23)isnow

‘()w 2 “
xo+’x2E Enxn+x4~Gnxn +...=0,,

n=l n=l

(e.g., ~~,
ofallthe
for p.

(30)

‘Thecoefficientassociatedwith # willyieldanequationinvolving
~,o asthehighest-ordertermof X ad cm asthehighest-order
terinofbodyshape.Equation(28)indicatesthatfor’a”2nth-degree
expansionthehighest-ordertermoftheform ‘2m,o ‘cede!‘s ‘&2,0”
Hence,equation(30)’willfurnish’usefulcoriditionsby equatingthe
coefficientsto zeroforterms.upto ‘xn-l,thatis,a totalof n - 1
conditions.Therearethus n .srbitraryparameters(assuspected)left
inthedeterminationoftheexpa~ion.Butsince”odytermsupto
Xn-l areusedinequation(30)>thereareinvolvedbut n - 1’pbramete.s
definingthebodyshape. “

It remainsnowto showhowtherelationbetweentheshapesofthe’
shockcurveandofthebodymaybe found.As statedabove,theexpan-
sionsfromtheshockandfromthebodyarematchedata pointlyingwithin
theregiomofconvergenceofboth. In.particular,.,toavoidthe..question
of singulari~whichmightoccurinsidethe‘bodycontow~thestagnation
pointitselfisarbitrarilychosenasthe”’’matchingpoint.”Alongthe
x-sxis,’the2nth-degreeexpansionfurnishes‘2n+ 1 conditionson‘
equatingthesuccessitiederi~tivesatthe.matchingpoint.,The,variablqs
involvedare: ,nparametersdef~ ,theshockcur%e-(Pl, B;,; . ●,
~n), n.parameterstithe e@ansionfromthebody(-e,g.,.$U, w~,

,,

. . “9 ~b)j n- 1 par~etersdefiningtheshapeofthebody ~1)-‘~2,
. (

,

.

.. —..- ————.—.-- —... —— —.. — —.— —.— — . .
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. . “J G )andthedistanceb betweenthebodyandthedetachedn-1
shockwavealongthex-axis.Hencea totalof 2n+ 1 unknownsmaybe
solvedintermsofthe n - 1 parametersdefiningthebodyshape.It
maybe notedthatthesolutionobviouslywouldbe modifiedwhendifferent
valuesof n aretaken.However,iftheseriesexpansionsdoconverge,
theresultshouldtendto a limitfoxincreasingn.

Ifonedoesnotcarefora completeexpansionintheformof equa-
tion(26)butratherisinterestedinthedistributionalong,say,the
x-axis,theprocessis sometimesmuchsimpler.By writing

() ()2X2+

()

2n~211
PO=P1O+PO15:+PO25 ~ . ..+PO.J ~ (31)

thecoefficientsPo,mbmlinvolvebuta totalof n
P2,. . ., ~n),with b asthelengthscale.One

thesetof 2n+ 1 simultaneousequationsa subset

(parametersPI,
couldpickoutfrom

wh~chis sufficient
forthesolutionOf ~1, f32,. . :, Bn. Ingeneral~hesubsetwould
containpaametersoccurringintheexpansionfromthebodynose. In
theparticularexampleofa fourth-degreepolynomial,thetwonecessary
equationsfor B1 and J32arereadilyprotidedbyequation(22)or its
equivalentandtheexpansionfromthebodyisnotneeded.Evidentlythe
bodyshapecannotaffectthefourth-degreeexpansionsodetermined.
Thesimplicityofthisresultiscertainlytooattractivetobe ignored,
inspiteof itspossiblypooraccuracyinextremecases.Theresult
turnsoutthata goodagreementindensi~distributionisobtainedwith
theexperimentovera sphereat ~ = 1.7. Indicationwillbe madein
thesection“DiscussionofMethod”astothepossiblerangeoverwhich
a similaragreementmightbe expectedtohold.Whenonetriesto obtain
thevalueof b by imposingotherconditionsinthematchingprocess,
however,theresultforthefourth-degreeexpansionshowsa largedis-
crepsacyincomparisonwiththesameexperiiuentquotedabove.Thisfact
isnotsurprisingsincethepowerseriesiscutoffafteronlyfourterms
andtheerrorwouldbe undoubtedlylsrgewhenhigherderivativesare
taken.

Explicitformulaeandprocedure.-Intheactualcarryingoutofthe
solution,equations(A)and(B)aretobe expandedfurtherintoascending
powersof x. Equationsexpressingtherelationamongthequantities
Pij ad Vij areobtainedby equatingthecoefficientsof eachpower

of x. Theseformulasandalsotheprocedureto solveforthedesired
coefficientsinthecaseofa sixth-degreepolynomialrepresentationof
theflowalongthex-axisofantiiallysymmetrical.bodyaregivenin
theappendix.

._.—— —.—..—. ———-. .



NACATN 2506 19

DISCUSSIONOFMETHOD

Themethoddescribedabove,thoughseeminglystraightforward,cannot
be reliedonwithouta morecarefulexaminationasto itslimitations.
Twopointsmustbe considered.Inthefirstplace,thesubsonicregion
Justbehinda detachedshockis expectedto dependontheentirebody,
shape.Thisseemstomakeitdifficulttotreattheproblembypow=’
series,whichdependon localproperties.Thesecondisthequestionof
convergenceoftheseries.

Thefirstpointisreallythefollowingquestion:Towhatextent
istheflowfielddeterminedby thelocalpropertiesofthebodyatthe
nose?Theoretically,ifthebodyshapeisanalytic,thelocalproperties
ofthebodydodeterminetheentirebodyshapeandtherebydeterminethe
entire”flowfieldincludingtheshock.Infact,at somedistancedown-
streamthereisa sonicline(CDinfig.1),afterwhichtheflowbecomes
supersonic.Fortwo-dimensionalflows,Guderleyhassuggested(refer-
ence5)that,basedonTricomi’sstudyof a certaindifferentialequation
whichisellipticinpartoftheregionandhyperbolicintherest,there
shouldbe alsoa uniquesolutionforthesubsonicregionbehindtheshock.
Hereasonedthatthebodyshapeshouldbe givenupto thepoint E, from
whichtheMachwavereachesthesonicpointontheshockfront.@
reasonablemodificationofthebodydownstreamfromthispointwillnot
influencetheflowintheregion ABCED.Thesameconclusion,when
physicallyillcerpreted,seemstobe equallyvalidinthree-dimensional
flows. Thus,ifa sufficientnumberoftermsareretainedinthepower
seriesforthebodyshapetorepresentitoverthepat BCE,slightly
beyondthesonicpoint,alltheimportantparametersoftheproblemare
known. Ifthebodyhasa fairlybluntnose,a fewtermswouldbe suffi-
cient.Themethodof serieeexpansionmaythenbeexpectedtowork.

It isimportantto noticethattheabovestatementappliesonlyto
caseswherethebodycontourissaalyticover BCE. Ifthesonicpoint
werebroughtinby thepresenceofa sharpturninthebound=y,a
Prandtl-Meyerexpansionexists,andtheflowfieldintheregionABCD
wouldbe determinedinan entirelydifferentmanner.

Inorderto applytheabovediscussionsto a givenbody,onemust
be ableto estimatethelocationofthesonicpoint.Incertaincases,
thismightbe done,forinstance,by themethodsuggestedby Busemann
forthedeterminationoftheshoulderpoint(reference4). Onemight
evensuggestthatthebodyshapeshouldbe morecloselyapproximatedin
thatneighborhoodattheexpanseof ii%nose.Theimportmtpointis
that,sincetheentirecontourBCE affectstheshock,certainJudgment
isneededinpickingoutthemostsignificantpmameter.Whenthereis
moreorlessconstantcurvalnxrestartingfromthenose,andthedetached
distanceisknowntobe smallinco~”arisonwiththeradiusofcurvature

—.— —.— — —. .
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.

atthenose,undoubtedlythenosecurvatureplaysa predominantrole.
Localpropertiesoftheshock,suchasthecurvatureat itsnose,would
be largelydeter~inedby thenosecurvatureofthebody. Oritheother
hand,incaseslikethosediscussedinreference4, onehasa thinbody
witha bluntnoseanda quitelargedetacheddistance.Thebodycurvature
rha.ngesata considerablerateintheneighborhoodofthenose.This
rate,then,mighthavean effectofthesameorderas or evenovershad-
owingthatofthecurvatureitself.Theflownea theshock,beingfar
awayfromthenose,woulddependontheover-allbodyshapeBCE. The
simpleprocedureofusingonlya fewtermsoftheexpansiondepending
onlyonthebodynosecurvatureisobviouslyinsufficientforany
accuracyat all.

Afterhavingclarifiedthedependenceoftheflowon thebodyshape
nearthenose,onemusttakeup thequestionoftheconvergenceofthe
series.Becauseoftheanalyticnatureoftheflowinthesubsonic
region,itmightbe assumedthatthepower-seriesexpansionfromthe
point A ontheshockisconvergentupto thebody,includingthestag-
nationpointB. Theregionof convergenceoftheseriesstartingfrom
B, ontheotherhand,dependsonthenearestsingularitylyingwithin
thebodycontour.Inchoosingthepointcommontotheregionsof con-
vergenceformatchingthetwoseries,onemusttrytobe closeto the
point B. Inthesection“StatementofProblemandMethodofSolution”
thepointhasinfactbeentakentobe pointB itself.Ihdeed,if
theseriesfrom A and B arecloselyapproximatedbypolynomials
ofthesamedegree,thematchingofthetwoseriesgivescompletely
identicalresults,no matterwheretheconditionsareapplied.Infact,
thepresentprocedureofapplyingthemethodmayalsobe regardedasone
ofpolynomial“approximation,satisQdnga finitenumberof conditionsat
theboundaries.Theninsteadoftalkingaboutconvergence,onecansay
thattheinaccuracyis duetothefailureto satis~alltheconditions
asrequiredby thegoverningequationsofmotion.Therearetechniques
forimprovi~the(over-all)accuracyofapproximationsofthisnature.
Itislikelythatby utilizingsomeofthosetechniques(e.g.,least-
squareerror)thepracticalvalueofthepresentmethodcouldbe greatly
enhanced. .,

. . .
Afterassuming*heconvergenced theseriesrepresentationofthe

flowvariablesonestillhasto considertheerrorcausedby theretain-
mentof’onlya finite’numberofternm. It ishportanttopointout
thatthesolutionfortheparameterschangeswiththedegreeofthe
polynomialchosen,althoughtheoreticallythevalueswouldconvergeas
n increases.Theappropriatedegreen“fora satisfactoryresult,
therefore,cannotbe stateda priori.Onecouldmerelyarguethat,for
a bodyshapewithslowlyvaryingcurvatureupto andslight2ybeyond
thesonicpoint,theshock-wavecurvaturepresumablywouldalsovary
ratherslowlyupto itssonicpointand,consequently,a polynomialof
a fairlylowdegreewouldbe neededin suchcases.Theeffectof the’

J
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Machnumberontheconvergenceoftheseriesismoredifficultto
visualize.Thequestionstrictlycanonlybe settledthroughactual
calculation. .

.
To clarifythispointfurther,thevalidityofthefourth-degree

polynomialastheuniversalfunctionfor’densi~variationbetweenthe
detachedshockandthebodynosewillnowbe discussed.As pointedout
above,onemustlookintotheneglectedtermsintheseriesexpansion.
Consider,say,a sixth-degreerepresentation.Thecoefficientsthus
solvedwilln~wcontain,besides-theMachnumber,be productK(”)5,

where K(o)isthebodycurvatureand 5,thedetacheddistmce.When
(o)K- 5 is small,themodification@ thecoefficientsofthe$irstfive
terms,as comparedwiththefourth-degreerepresentation,would.alsobe
small. By-dimensionalreasoningK(”)8 obviouslydependsonlyonthe
Machnumber.So a rangeofMachnumbersprevailsoverwhichthefourth-
degreerepresentationisveryclosetothefirstfivetermsofthesixth-
degreeone. A thoroughinvestigationshouldincludethevariationof
thecoefficientofthelasttwotermsin.thesixth-degreerepresentation,
whichwouldleadto anotherrestrictionontheMachnuuiberto just~
theiromission.A commonrangeofMachnumberswouldpresumablybecome
availableforthefourth-degreerepresentationtohold. ‘lhese.steps,
thoughdesirable,werenottakeninthisreport.Withoutgoinginto
details,it seemsphysicallylikelythatthesmallnessof Kf”)b would
ensurethefourth-degreerepresentationtobe a reasonableone. For, 1
thesmallnessof K(’)8 meansthat,fora givenbodycurvatumeK(o), “

“ b mustbe small.A smaller5 verylikelytendsto improvethepracti-
calconvergenceofthepowerseries.It shouldbe notedthat,inchar-

acterizingthebodyby a singlepmameter K(o) oneimpliesthatthebody r
shapemustnotdeviateappreciablyfroma parab~liconeupto thesonic
point.

(‘)8 tux& outtobe correct,evidentlyIfthecriterionof smallK
a ~srgerMachnumberisfavbrablefortheapprobation.SemiempiricallY~

(AJ
thesmallnessof K‘“’b maybe tentativelymeasuredagainstthevalue
intheexperimentquotedabove,tobe discussedinthefollowingsection,
wherethemeasureddensitydistributionagreeswellwiththefourth-degree
representation.

NUMERICALRESULTSOFFOURTH-DEGREEPOLYNOMIALAPPROXIMATION

Thecqseoffree-streamNlchnumber1.7hasbeencomputedforan ‘
axiallysymmetricalbodyby usinga fourth-degreepolynomialasthe

e

— -— ——. —..— ——__
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approximationto thepower-seriessolution.Theresultsindicatethat
calculationsinvolvinghigher-ordertermsaredesirableforthedeter-
minationofthedistanceof detachment.Thestepsoutlinedinthe
appendixhavebeenfollowed.Taking7 = 1.405,onemaylisttheresults
as follows:

Pol = 7.2961@

‘ *11 = -2.38M1-1

PIO= -12.83Pl-2

*Z. = 2.384j31-2

$12= -16.5Ml-2

P02= -28.60Pl-2

Pll= -~.I@2P1-3= 142.%31-3

v21 =
4.768j32P1-3+ 53.63f11-3

$30= -7.152~2~~-4- 37.~@~-4

P20= X.6M2P1‘4+ 184.gPl-4

*13 = -IO.8092f31-3- 73.46Pl-3

Po3= 33.0@2fll-3+ 390.7$1-3

w= = 140.4$@~‘4 + 596.2P1-4

P12= -3~.1~2~1-4 - 1772f31-4

$14~ -119.7$2$1-4 - 550.op~-4

P04= -350.3f12Pl-4- 6806B1-4

. . . . . . .

Thereactuallywasanothersetofthesefunctionsbecausepol is
solvedfroma quadraticequation.However,theotherexpressiongives
a negativevalueof Pollcontraryto theconceptionof a compression
alongtheaxisandistherefcweabandoned.

,.

—————.— ——.. ——. —.———
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Conditions(22)maynowbe
parameters

After

131/5-tid bz. ‘I’he

0.479= Pol~ +

o = 0.500+ yllb

usedto solvesimultaneously
equationssre:

P0252+ P0353 + P0464

+

substitutionequations

# + *1353 + $1484

(32a) and(33a) become

()o.479=7.296~- 28.60&2PI
+ ,,o.7(:y - 6806(:Y

( 63
)( )

33.04- 350.3; ~ p2

.

23 ~

forthe

(324

(33a) .

+

() ()0.500 = 2.384 -% 16.51~2 + 73.46~ 3$1 PI PI
+550.0:4+

()

(10.80+ 119.7~
)( )P, & 3~2

(3=)

(33b)

llyeliminating!.32,a fifth-degreealgebraicequationin b/131is
obtained.Againonehasto choosetheproperrootwhichcorrespondsto
thephysicalproblem.,Inthepresent,casejthechoiceismadeeasyby
comparingwiththeexperimentovera sphereaspresentedinreference3.
Theproperrootisfoundtobe

$

,

.,

.

5—~ 0.0644B1

p2= 50.4
(34)

—.— . . . ..-.
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Consequentlyjthedensityvariationalongtheaxismaybe writtendown
as .

po = 2.192+ 0.4699~ - o.118@2 +o.5493(~)3- 0.4214$)4 (35)

Uptothisdegreeofrepresentation,thebodyshapedoesnotenter.

Beforemakingcomparisonwiththeexperimentaldatainreference3,
itmaybe notedthatthesolutionfor b/Pi and B2,suchas equa-.
tion(34),dependsontheconditionschosenfortheirdetermination.To
illustratethispoint,onemayrecallthat,insteadofthecondition
$1= O atthestagnationpoint,an equivalentconditioniS dPO/dx= O
atthestagnationpointalongtheaxis. Inthesimultaneousequation,
equation(33a)istobe replacedby

(36a)

sothatb parallelwithequation(33b)onenowhas

O= 7.296;- 57.21(&~ +1172(&)3 - 27360($)4+

( )()99.11- 1401~ ~ 3P2PI PI

Thesolutionofequations(32b)and(36b)

6—= 0.0697
PI

P2= 47.5

aswellas

(36b)

gives

1

.

(37)

()P.= 2.192+o.5085~- o.1390~2 + o.6633(~)3- 0.5538(;)4 (38) ‘

‘.
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Thedifferencebetyeenthetwosets‘ofresultsisnotsqrising,because
onlya finitenumberoftermshavebeenusedintheseries.The.terms.
omittedhaveunequaleffectsontheapproximationsfor Po, dpo/dx,and
$-~.Equations(35)and(38)are-bothplottedinfigure2 togetherwith
theexperimentalpointsfromreference3. Thecurveforequation(35) ‘
give8a slightlysmallerdensityincreasethan.equation(38)throughout
therange.Theagreementwithexperimentis’goodexceptforpointsvery
neartothebody. Theretheexperiment@valueismuchhigherthanthe
theoretical.oneassumingisentropiccompression.Thediscrepancyistoo
largetobe attributed,say,totheneglectof-theviscosi~effectin
thetheory.Ontheotherhand,onemaysuspectthattheaccuracyofthe
experimentcouldbeyoorerintheneighborhoodofthestagnationpoint,
wherea verysmallregionofhighdensityoccur%
ence”3). A slightmi.salinementoftheapparatus
acmal flowdirection,fori~tamce,,maycausea
inthevalueevaluatedfromthephotograph.

.,
TheconditiondpO/dxis,infact,theone

(seefig.~, refer-
withtheinstantaneous
quitenoticeablechange

whichresultsfromthe
generalschemeofmatcl&gtheexpansionfromtheshockwiththeexpan-
siontiomthenose.Sucha schemewillnowbeworkedoutforthepresent
exampleforthepurposeof findingthe,
6 and ~ denotethevariablesQ the
Again,by followingthestepsoutlined,.
readily!

,1 , ~ ,,

()

Y- ~~x
Foo= y— a. .-

pol= o
,,
1~2 ,plo= -_— ~
D1 ,,.

VP()= -tuc~-l

detachedshockdistanceb.~Let’
expansionfromthebodynose.- .
intheappe~ix,oneo~tains

..
.,, ., . .

----
,

. ,- -,,,

.< . .“. ‘

. .

1y+lFoo ,.. . ...

— —— —..— .—-—— —..._ - _ ..— ——-— -



Thematchingtheninvolvesa setof fiv~simultaneousequationsforthe
fiveunknowns131j132j~~ VU, and *13 in term of thebodyshape
parameterCl:

52+ f.lo35 4_-3 + po@ - ~ooPn+ Pol~ + pop
1

Polb + 2P0252 + 3P0353+ 4P0454 = i5018

2Po@2 + 6p03b3 + 12p@t54 = 250252
1

(39)

.

6PO$3 + 24p04b4= 6~03~3

P0454_–- P0454
J

Obviouslythefirsttwosreequations(32a)and(36a)solvedbeforefor
theparametersb/Bl and B2. Notealsothat T13 appearsonlyin

6.4;thereforethefirstfourofequations(39)aresufficientto deter-

m~e ~1~ ~2, ~,and ~ll. OnemsYeasilyverifythat

(40)

with ~U5 =
-(-%@2r’20

Thenegativerootistakenfor $U5

becauseJ..= atthestagnationpoint,whichisnegativeinthe

phySiCdproblem.Withsolution(37),thedetachedshockdistanceturns
outtobe

5
— = 0.138q

Incomparisonwiththedatainreference3,the
equaltothediameterofthesphere,theapproximate

b=l.lmm

(41)

valueof 61 being
formula(41) gives

._——— . .— —... — — ——.-—.
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whiletheexperimentalvalueis1.94millimeters.Thediscrepancyis
certainlylarge,yettheorderofmagnitudeiscorrect.Sinceonlya
polynomialofthefourthdegreeisused,givinga densitydistribution
independentofbodyshape,thisisperhapsthereasonableextentof
agreementthatcanbe expected.Morecarefulcalculationsmustinvolve
termsofhigherorders.~

Onemayalsobe interestedto seehowtheshapeoftheshockcurve
isbeingapproximatedby theabovesolution.Withequations(37),the
shockshapefromthepresentapproximationis

()y 2,
s =14.36(~)~4T.$)2+:.. (42)

Thecurve(42)hasbeencomparedwiththeexperimentalonegivenb,.
refererice3.
thedeviation
unity,asmay
and(38).

Massachusetts

Thea&eement’isreasonable,forsmallValues’ofy/5,but
becomesappreciablefor-valuesof”y/b oftheorderof
be expectedfromtheslowconvergenceoftheseries(s~) .

..
,.

InstituteofTechnology
Cambridge,Mass.,June30,1949 “ ‘
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...,,
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APPENDIX

EXPLICITFORMULA&ANDPROCEDURE

NACAm 2506

FORSIXTH-DEGREE

POIXNOMIALAPPROXIMATIONOFFLOWALONG

AXISOFAXIALLYSYMMREWCALBODY
,

It isdesirednowto findan approtiatesolutionintheform

X3 + po~X4 + P05X5 + (306X6P. = Poo + Polx + P02X2+ P03

fortheflowalon&theaxisofan axiallysymmetricalbody. As stated
inthesection“StatementofProblemandMethodofSolution,”
equations(A)and(B)aretobe expandedintoascendingpowersof x.
Theresultingequationfromequai%gthecoefficientsofa certainpower
of x of equation(&-j),say,istobe denotedby a secondmibscript.
Forinstance,(Mo) st~dsfortheequationobtainedby equatingthe .

0 inequation(Ao)..coefficientof x In a similkrmanner,equation(B22) .
standsfortheequationobtained‘byequatingthe‘coefficientof x2 &
equation(B2),andsoforth.By sodoingonegetsthefollowing:

(%0) An’identitybetween*10= 1/2 and Poo= Pn

(%3)

D1P02= -4(2$10*12+ *U2) - D2P012

DIP03 =

27 a C 7+1P007-2
Y- 103 P(J

a

— ——. —



NACATN 2506 ‘ 29

(%4) ( ) .( )
. ‘1P04= ‘4 Wlo~14+ @U$13 + *122 - 2Polbo3+ P022D2 -

)( 0<P02)-* .0C47+’P007-3PO>
aoC37+1poo7-23P.( 27.’

‘Y-1

,

(%5) ( )
lIlPo5= -8 *101#15+$11$14+V121J13.-(

( )2P01P04+2P02P03 D2 -

.[
+40 3C3 (7+1POOY-2p
7- )

012P.3 +’P01P022 +

~47+lpoo7-3 3 “+C7+1P
1

7-4 5
p.l~oe 5 00 ’01

(406) )
DlP06= -4(2~lo$16-+2$11*15+ 2*~2$~4+,V132 -

,(”2polf’05 )
2D

+ 2p04p02+ ’03 2 -

27

[ (
~.C 7+1P‘7-23P 2P + @olL’o#03+ P02

)
3+

7 -1 0 3 00 01 04
.

( )
C47+1Poo7-3,ko13P03+ 6P012P022+

( ) 1
c57+1poo7-45p0~4p02+ c62+1p‘-5 600 Pol

()‘lo

.
——. . —.— .—. _ ——— - .-———--— ——— —--...— —.
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(%) q’ho’b + ‘k’o’h) + %%1= .

(-4!JJ= - 2D2p10p01- ~ ~1cl~+lpm~pol*lo+ poo7’+41#11
)

( ) 2y-—
(
c 7+1P007-2P

‘2 P1OPO2+ Pllpol 7 - I a. 3 3 )012P10 -

27

[

7+1 + ~ y+l
7- 1 %_ ‘12poo 1 PJPO1*U +

(
7+1

c1 Pm7P02 +
7+1 7-1

C2 Poo . Po~
)]

2 *10

‘12W21+W13v20)- ‘2(P1oPo3+

+ $~ifzz +

po&’~+ P(@ -
27

[
c 7+lpm

(7-2 6P01P02P107- lao 3 )+ 3P11P012+

c47+lpoo
( I

7-3 ~013 27
[

7+1*
7- I“alPoo 13 +

CIY+lPoo7PoJj2 (
+ C17+1P. 7P

)
+ c 7+1 7-1 2

00022 ’00 ’01 ~11+

( 7+1 7 7+1 7-1

H

7+1 7-2 3
c1 Poo 903 + W2 Poo P01P02+ C3 Poo Pol ‘ho

.. ... i-~ .

#
.———— ———
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P03P11 -—
1

y+lp
(+ PO4P1O) 72-71a. C3 007-26P1OPO1PO3+

3P022P10 )+@01p02p11+3P012P12+
~47+lpoo7-3

(
2 3-

l*PO1 ‘02P10 + 4p
)Olpll+’

( )]7-4 4 27c 7+1P00 5pol - —
,5

{

7+1$
7- l%POO 14+

L
c 7+1P
1 ( )

007P01*13 + CJ’+%00%02 + c27+*p 7-IQ * *
00 01 12 +

( c 7+hoo7p034+~ 7+1 7-11 2 Poo POIP()* +

Hc3~+lpoo7-*po13vu + c ~+lp 71 ‘ 00P04+

c 7++300(7-1 *P p
2 01 03 + ’02 )

* + c 7+1P
3 o~-2Fpofpd +

C47‘lPOO7-3
’01

1}
4$10

-16V202- D2plo2-,#-
- 1 %Poo (7 C17+1P10$10 )

+ poo*20-

27 . 7+$102
7- 1 a2poo
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‘.

(‘2 %2cfol + Ploh) -

27 7+1
(

2
)

7-23po~plo-Poo7%9 .7-
,

(-2Z-a2 !2pW
7+1

)
7+l*10*~.+ % .PoJPol’$flo2

7-1

,

,

24(’$1o’J32+ ‘H*31 + h2v30) “ ‘2(2p10p12

)+9=2-

+Pll 2+

)’ 27,
[(

%
“y+’

Po12Pm
2

2P01P= + 2P02P20 ~-—
-laoc3 + ‘lo ’02

) 2y-%5{r!?lpdP.
2P01P10P= + C47+%P01%10

7+1
7-l(POIP11

,.
)

+ *37+1
‘2 ’00 ‘- P1O?O2 1

if+P012P10 10

( 7+1
c1 POO?’PU+

7+1
c1 poo7~lov12

c1%/Po1v21

7+lpm
)
$+

C2 7-12P10P01 ~

+

+

)c 7+%007-1P012*102+ 2C17+1PO07P01’410VH+2

Poo (
7+1 2V10$M + $U2

)1

+

+

+

+

I
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“

2Y
7 -1

2Y

33 ‘

- J+8*20V30-.2D2P10P20-

(
7+1P00

)
7-2 3 _

a. C3 ‘lo

5[
~17+lp 7P

00 20+

7+1P* 7-1
‘ C2 ‘lo )

2 lflo +

7+1
7P v- 1

7+1* _
c1 ’00 10 20 + ’00 . 30

27
(

7+1 2+
7 -la2cl poo7ho*lo

2P007+1~ $
)

-L 7+1* 3
10 30 ,7 - 1 a3%o 10

()
al

Boo
7+2

2POOW12= Xllpol - @()#20 + blowlo - p - 1 ’00

()Bol 6pooV13= 2*11P02-8 (Poo~21+

(4 plowu + p11*1O) -

.

Pol%c)) +

al
c Y+%oo7+1

7 -11 ’01

,-

()B02 12POO*14= 34upo3+ 2P02~12- 3poI~13 (- 8 Poo1122+ Polv~ +

%2~J ‘+ 4(PKJ12+ %% + p12~lo)-

al (c 7+%007+1 -
P02 + C2

7+2
7- 11 )PJ’P012
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()B03

()’04

()%0
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.

) %(c 7+2P 7+1PP131jo - ~ 1 00 03 + 2C27+2P007P01P02+

7+2 7-1
C3 Poo P013)

30Poo~~6= 5$@05 + 6p04’h2 +

+

4(P1O$1*+ p&3 +.

3P03V~3- 4P02W~4

P02’$22+ Po3va +

h2’h2 *++ P13 u.

al

[

7+2 7+1 7+2
7- 1 c1 P(-J()P04+ C2

(
P007P022

3C37’+2P00
17-1P012P& + C47+2P007-2P014

- 15P&5 -

‘04W20)+

)p14~lo - ,

)+ 2polpo3 +

2POOV22= Pol*a + 2P10V12+ %hL - @@o#30 + 16P10$20+

29 7+2$ 7q
8pm$lo- glo~o - ~

y+l-—
-lpoo 10 7-1%0 ‘lo

.
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( 01 30)+ 16(%*21+ ‘lJ’22)+ 8p21’50-24 Pm~31 + P ~

.’
7+2 7+1 Yal

cl P()(-) Pollqo” - p
(

7+1PU
- 1 ’00 + Cly+lpOoypolho)

r

() (12Poolf24= -3P01$23 + 2p02 + 16P10)*22 + (3P03Bu
.

+ 16P=)Va +

(3P13 )+ 8P21VU + 8P *2210 - (
24poo$32+ pol$31+

2a2

[
Y+%u -i-c17+2P007+lpolw~ + ‘

Y- 1 Poo

(c 7+2P
2 )]

007P012 + cl~+% ~+lp w00 02 10 -

7Q1

[
Poo~+lP12+ q y+lp

Y-1 Ooypolbl +

( y+l y-l
C2 Poo

7+1P012 + c1 , )P(J’P02 PI(J
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.()B20 2Pm*32 = 2P10*22 + ‘4-&u - 2P01%O) (
- 2*12 Poog102

)
- P20 -

( 2PWn zg~opll - %0 01

[
12 41!@Poo- 3W30P10-

)-Pa + @o@20 +

2*2O(P1O%O- P20)

$31P01-

( )1n-o 2g10P20 - glo3P10 - P30 -

al

( )_c17Poo7+3P20 + CJPO07P102 -
7-

29

( )
3~37+2W +Cyp 7+1

Plo’ho 7
_— 7+2* 2

~f’oo 20 1 007- - 1 ’00 10
.

Intheaboveexpressions,a numberof symbolsareusedforabbreviation.
Theyaredefinedas follows:The ~’s arecoefficientsofthe
quantityP~P():

f$=~=+

Hence

‘mO
gmO– PM——

P~ PmoPol
‘ml=-- Poo

2
’00

--T+:(--?)P~ f’mlpol
%2 = Poo

. . . . . . . .

\
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,

The Cnm’s arethebinomialeoe-fficientssuchthat

that is,

C.m =
m(m-1). . .(m-n+l)

.u. n!

Finallythe Dm’s and ~’s aresimply

2%7
D1 = — c17+1

P()()7
7-1

abbreviations:

- 4CP()()

D2 = 2%7 c 7+1P007-1- ~
Y- 1 2.,

’12 = 6POJ13+ (8p02+ 8P10)V12+ (6P03+ 8PH)$U + 8P12*10

Foran expamionstsrtingfromtheshock,theconditionsatthe
shockaregivenbyidenti~ingequations(12)and(13b)withequation(20).
Theequationobtainedfromequatingthecoefficientsof a certainpower
of x intheconditionfor p, say,isnowtobe denotedby a super-
scriptto p. Thus P(2)standsfoxtheequationresultingfromthe

2
coefficientsof x intheconditionfor P; similarly,$(2):*ds

.— . . . . .. ---- —.——.- — ...——.. __— .—. ——___ .——..— —. —-.— —.—..... ——.
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.

forthe
hold:

()
~(l)

()P(2)

sameintheconditionfor ~. ThenthefoIlowingarefoundto

’01+ plopl= .Clpoopl-l

+$p + $’pp
’02 111 120 r

= -P2P10 + !500-cf2Ej-2 +

(’12 )1
- C*P2PI-2

()V(2)

()
$(3)

()
J4)

one

[
Pm -q3P1

(
-2 + 2p2 C12

)- C*P2PI-3 -

(
3 - 2clc2$2c1 )1

- 3C3PlP3+ 8C3B02B1-3

$3$1*=-’J-1*- $2($3*

-v~3- ‘J20~3- *~P* - v~p~ - 2X30PlP2

orderindicatedbelowto arriveatallthe
coefficientspoo, ’01’“ “ “) ’06” Theright-handsideof each
expressionistheunknownwhichmaybe determinedfromthelef%-hand
sideintermsof quantitiesalreadyobtained.

. —.
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(%)o ~ identi~

()’01

(~)o 1

betweenVlo and pw

(%)
(%)o

/

()$2) +

(J))3

(BOJ+ *,3

.

(%)k3 + P03

()‘lo - %2

(%2) -PM
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.

(%4)+ ’04

()*3O

()
$3)

}
‘+9319 P2~, $~) ’30

( )J*(4)

‘Bn) + ’23

()’20 ‘V32

()B03- $15

(%5) + P05

(%4)+ ’14

()’04 ‘*16

,

.
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As a result,fora fourth-degreeexpansion,oneonlyhastogo ae
faras equation(~-4),solvinga totalof16relations.Fora sixth-
degreeone,theresrealtogether30relations.me ficreaseofamount
ofworkgivesan indicationastowhatmustbe expectedfora finer
approxi.mation.

Next,foran expamsionstartingfromthestagnationpoint,thesame
setofequations(No)to (B~) stillholds.Thequantitieswillbe
denot?$dby Poo, ~1~, ~ljandsoforth.Theconditionsresultingfrom

equation(23)takethesameformas (~(2)),($(3)) . . ..exceptthat
the ~’s aretobe replacedby the e’s. Butthejconditio~re~tq
fromthedensityvariationalongthebodyaremiss~fl Theprevious
orderforthesuccessivesolutionoftheunknownEmaystillbe followed,
whileonearbitraryparametermustnowbe introducedineachsetofthe

(ol)J(Alo)~r~d(~(2))”‘usJforsimultaneousequationsliketheset A

a sixth-degreeexpansiononemaytake VU, ~~3,- T15 astheparam-

eterssmdbreakyp thesimultaneousequationsintosepsrateones.Mean-
whilethefact Vlo= O greatlysimplifiesthecomputation.Theneces-
sary steps,infact,arereducedto:

.

,

.

——-. .- -. —L .— . —.— —
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.

Hencea totalofonly8 stepsares@ficientfora fourth-degree
expansion,and.16ste~s~fora S~h-de~ee ‘ne. Further,thereisno
longertheneedto solvesomeoftheequationsi3titane0uB1-Y.

b

I

.

.
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